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NOTE ON THE IDEALS OF CYCLIC ALGEBRAS*
BY RALPH HULL 1. Introduction. The purpose of this note is the generalization of certain results in a recent paper by Latimer f on the number of ideals of given norm in a generalized quaternion algebra.
We consider rational cyclic division algebras D of prime degree n(*z2) over the field R of rational numbers. Let o be any maximal order J of D. The reduced discriminant of o is an invariant A=A(D) of D called the discriminant of D, and is of the form A= ±cr w(n-1) , where a = qi • • • q s is the product of the distinct rational primes q\ • • • q s which are ramified § in D. For each such g, the two-sided ideal qo is the nth power of an indecomposable two-sided prime ideal of o, and the g-adic extension D q is a division algebra of degree n of R q . For all other rational primes p, D p is the algebra of all matrices of degree n over R p and op is a two-sided prime ideal of o having only one-sided ideal divisors.
By a (normal) ideal of D is meant an ideal (one or two-sided) with respect to some maximal order of D. Such an ideal is called integral if it is contained in its right or left order. We denote various maximal orders by o, Oi, 02, • • • , and an ideal a by a»,-if o»a = aOj = a and it is necessary to indicate 0; and Oy. The (reduced) norm of an ideal is an ideal of R such that, for a principal ideal ao (or oa), a in D, N(ao) (or N(oa)) = (N(a)) , where N(a) is the reduced norm corresponding to the rank equation of degree n. Our object is to prove the following result. Bulletin, vol. 40 (1934) , pp. 164-176, for n = 2, and Hull, Transactions of this Society, vol. 38 (1935) , pp. 515-530, for n>2.
§ We refer to Deuring, Algebren, Ergebnisse der Mathematik, Chapter VI, for all definitions and theorems used here except when explicit reference elsewhere is given.
o-right ideals of norm (A) is equal to the number of classes of right associated integral matrices of degree n and determinant A o.
Two integral matrices Mi and Mi are said to be right associated* if there is an integral matrix V such that | U\ = ± 1 and M% = Mi U. In case n = 2, the number of such classes of matrices of given determinant A o is easily seen to be the sum of the divisors f öf Ao.
2. Preliminary Lemmas. We need two lemmas easily obtained from the general ideal theory of linear algebras (Deuring, loc. cit.).
Let ct = a r+ i,i be an integral ideal and let The existence of (2) is implied by the fact that there exists a factorization of a into indecomposable ideals in which the order of the prime ideals to which the factors belong is arbitrarily assigned (Deuring, p. 106). To prove the uniqueness claimed we consider ^-components and apply a theory due to Hasse (Deuring, pp. 94-107).
Let p be any rational prime. Then from (2) , whose right order 02 is uniquely determined by a (1) , since 02 is the left order of ct (1) . The same argument made for ct (1) and 0i applies to ct (2) and 02, and we can proceed similarly with a (3) , a (4) , • • • , sue-
